Working over a pseudo-Riemannian manifold, for each vector bundle with connection we construct a sequence of three differential operators which is a complex (termed a Yang-Mills detour complex) if and only if the connection satisfies the full Yang-Mills equations. A special case is a complex controlling the deformation theory of Yang-Mills connections. In the case of Riemannian signature the complex is elliptic. If the bundle connection respects a metric on the vector bundle then the complex is formally selfadjoint. In dimension 4 the complex is conformally invariant and generalises, to the full Yang-Mills setting, the composition of (two operator) Yang-Mills complexes for (anti-)self-dual Yang-Mills connections. Via a prolonged system and tractor connection a diagram of differential operators is constructed which, when commutative, generates differential complexes of natural operators from the Yang-Mills detour complex. In dimension 4 this construction is conformally invariant and is used to yield two new sequences of conformal operators which are complexes if and only if the Bach tensor vanishes everywhere. In Riemannian signature these complexes are elliptic. In one case the first operator is the twistor operator and in the other sequence it is the operator for Einstein scales. The sequences are detour sequences associated to certain Bernstein-Gelfand-Gelfand sequences.
Introduction
In the study of Riemannian and pseudo-Riemannian geometry it is often valuable to use differential operators with good conformal behaviour. In the Riemannian setting, elliptic differential operators are particularly important. A milestone from last century was the solution by Schoen, Aubin, Trudinger, and Yamabe (see [50] ) of the "Yamabe Problem" of finding, via conformal rescaling, constant scalar curvature metrics on compact manifolds. This exploits heavily the conformal Laplacian, since it controls the conformal variation of the scalar curvature. Related curvature prescription problems and conformal techniques involving the higher order conformal Laplacians of Paneitz, Graham et al. [51, 53, 45] (the GJMS operators) have been a fruitful focus of Branson, Chang, Yang and others [9, 23, 24] . These operators on functions (or really densities) also find a natural place in the recent exciting developments [32, 46] in the study of the conformally compact the Poincaré-Einstein metric of Fefferman-Graham [31] . For many important tensor or spinor fields there is no conformally invariant elliptic operator (taking values in an irreducible bundle). This is true even in the conformally flat case, and indeed this claim follows easily from the classification of conformal differential operators on the sphere [7, 30] . From this classification it is clear that, for many bundles on the sphere the analogue, or replacement, for an elliptic operator is an elliptic complex of conformally invariant differential operators. For differential k-forms (of conformal weight zero and with 0 ≤ k ≤ n/2−1) on even manifolds the generalising analogue of the dimension order conformal Laplacian of [45] , is the so-called de Rham detour complex [12] . At the k = 0 extreme this unversal construction (which works on fully curved manifolds) recovers the usual dimension order conformal Laplacian of [45] (as a complex with just one operator). More generally this conformal and elliptic complex takes the form
where E k denotes space of k-forms (all section spaces and structures are smooth here and throughout the article), d is the exterior derivative and δ its formal-adjoint. The operator L k is a composition of the form δQd (for some differential operator Q on closed forms) and depending on ones point of view, either L k or alternatively the entire complex is an analogue of the dimension order conformal Laplacian. It should be expected that these objects will have a role in the scattering theory of asymptotically hyperbolic manifolds that parallels that of the conformal Laplacians in [32, 46] . On conformally flat manifolds the existence and local theory of the natural complexes follows from results in the invariant theory of generalised Verma modules and related ideas as in e.g. [7, 30] . The situation is significantly more complicated for conformally curved structures. The requirement that a sequence of operators be both conformally invariant and form a complex is severe and the authors feel confident in speculating that most complexes from the conformally flat case do not admit curved analogues. On the other hand when such complexes exist they can be expected to play a serious role in treating the underlying structure. This idea is already well-established in the setting of self-dual 4-manifolds [1, 25] .
On 4-manifolds the Bach tensor is a natural conformally invariant 2-tensor which first arose in Weyl relativity [2] . Requiring this to vanish everyhwhere is a weaker condition than self-duality. Conformally Einstein manifolds are also Bach-flat and there are structures which are Bach-flat and neither conformally-Einstein nor half-flat [49, 39] . A generalisation of the Bach tensor to all even dimensions n is due to Fefferman and Graham [31] . This (Fefferman-Graham) obstruction tensor, which we denote B ab , is a natural tensor that shares many of the properties of the Bach tensor. It is a conformally invariant, tracefree and divergence-free symmetric 2-tensor that vanishes for conformally Einstein metrics [41, 44] . Let us write B for the linearisation, at the metric g, of the operator which takes metrics g to B g and K 0 for the conformal Killing operator on the tangent bundle T M (and K * 0 for the formal-adjoint of this). That is on tangent vector fields X, K 0 X := trace-free(L X g), where g is the metric and L X is the Lie derivative along the flow of X. Infinitesimal deformations of conformal structure are parametrised by trace-free symmetric covariant 2-tensors and we denote the space of these by E 1,1 . (More accurately it should be a conformal weighting of this. For simplicity we are suppressing details of conformal densities in our introductory discussion here.) Using the metric to identify the tangent bundle T M with 1-forms, a straightforward argument [13] establishes that the sequence of conformal differential operators
is a (formally self-adjoint) complex if and only if the obstruction tensor vanishes everywhere. In the case of Riemannian signature the complex is elliptic.
There is no obvious generalisation of the construction of (1) as given in [13] . Nevertheless for 4-manifolds we construct here two other examples of short detour sequences, that is conformal differential sequences of the form B 0 → B 1 → B 1 → B 0 (for bundles B 0 , B 1 ), which are (formally self-adjoint) complexes if and only if the Bach-tensor vanishes everywhere. Writing T : S → Tw for the usual twistor operator on Dirac spinors (as in e.g. [4] ), in Theorem 4.5 we obtain the differential complex S T → Tw N −→ Tw T * → S, where N is third order. On the other hand in Theorem 4.3 we construct
where M T is a second order conformal operator, similar in form to the operator which controls deformations of Einstein structures (see [6] and references therein), while P is a curvature modification of the trace-free covariant Hessian. Non-vanishing solutions of P give conformal factors σ so that σ −2 g is Einstein (see [3] ). If the manifold is Riemannian then these complexes are elliptic. We treat the second complex in some detail since it illustrates that it is straightforward to treat all the details explicitly and since also it seems this complex should have a fundamental role in conformal and Riemannian geometry.
In the compact Riemannian setting the ellipticity implies that the complexes have finite dimensional cohomology spaces. In both cases the interpretation of the 0 th -cohomology is well-known but as far as we know the the first cohomology is a new global conformal invariant of Bach-flat structures. (For the complex (1) the first cohomology gives the formal tangent space to the moduli space of obstruction-flat structures.) Such conformal elliptic complexes have the scope to yield further geometric information through the detour torsions that they yield [11] , [14] . These determinants are not themselves conformally invariant but have polyakov type conformal variations. It has come to our attention that [8] constructs and studies a three operator sequence which is a complex if and only if the structure is Einstein. Their complex is not conformally invariant, but broadly speaking it is a Riemannian analogue of the conformal complex (1) .
In fact the Theorems 4.3 and 4.5 construct short detour complexes in all dimensions n ≥ 3 and n ≥ 4 respectively. These complexes are conformally invariant only in dimension 4, but in other dimensions it is only the middle operator which fails to be conformally invariant. By construction this has a rather simple behaviour under conformal transformations. It seems that in all cases the complexes may be of interest for physics. In Lorentzian signature the complexes are hyperbolic and are candidates for a conformally curved field theory with the bundle B 1 as the bundle of field potentials and the first cohomology giving the "observable" field variables (cf. part (iii) of Theorem 2.2). As a general point we will often discuss ellipticity properties of the sequences in the Riemannian setting. These properties translate to hyperbolic or ultrahyperbolic properties in the case of Lorentzian or other signature, but we will not discuss this explicitly.
The route to the constructions and results mentioned above is really the main point of the article. We believe that it lays foundations for an eventual general treatment of detour complexes and many of the results should be of independent interest. The simplest example of a detour complex is the Maxwell detour complex On oriented Riemannian 4-manifolds one has, for example, the elliptic de Rham subcomplex
and its formal adjoint E 2 + → E 1 → E 0 ; here E 2 + are the self-dual 2-forms. Evidently these complexes may be composed. It is an elementary exercise to verify that the resulting complex is the Maxwell detour complex (2) . In the case that one has an anti-self-dual Yang-Mills connection D on a vector bundle V , and so also on its dual V * , we may twist the de Rham subcomplex by (V, D) or (V * , D). The result is again a complex in each case -these are sometimes called Yang-Mills complexes [35] . We show in Proposition 3.3 of Section 3.2 that the composition of the formal adjoint of the (V * , D) Yang-Mills complex with the (V, D) complex recovers the Yang-Mills detour complex (in this half-flat case). Thus the general Yang-Mills detour generalises the composition of the half-flat Yang-Mills complexes. (Note the Yang-Mills detour complex is well-defined on non-oriented manifolds.)
The next main step is a rather general construction, see diagram [D] in Section 4, which enables the Yang-Mills detour complex to be "translated" to yield new complexes. Broadly the motivational idea is this. If one has an overdetermined differential operator (of finite type) B 0 → B 1 then one may sometimes obtain a corresponding connection on a prolonged system [28, 43] . If the latter satisfies the Yang-Mills equations and, say, preserves a metric on the prolonged system then the Yang-Mills detour complex on the prolonged system descends and extends B 0 → B 1 to a short detour complex. In reality this is an oversimplification, but it contains the germ of the main idea. In fact, for the examples we treat here, the prolonged system in each case is exactly a normal conformal tractor connection in the sense of [18] . In dimension 4 the normal tractor connection is Yang-Mills exactly if the underlying conformal structure is Bach-flat, see Lemma 4.2. In the final section we show that there is not much hope of further progress using only normal tractor connections on the prolonged systems. We do not view this as an indication that the theory here does not extend. It means rather that any extension will almost certainly involve alternatives to the normal tractor connections. For example, it is very likely that the deformation detour complex (1) may be obtained using the construction here, except with the alternative tractor connection [38, 16] which prolongs the conformal Killing operator on tangent vector fields.
Finally we should point out that on (anti-)self-dual 4-manifolds there is a conformally invariant short detour complex of natural operators for every irreducible representation of so(6, C), see the final Remark in Section 3.2. Put another way there is such a detour complex for every generalised Bernstein-Gelfand-Gelfand (BGG) sequence. The latter are described in [30, 20] . An interesting question is whether all of these generalise to complexes for Bach-flat structures. Further afield, an analogous question is whether, in higher even dimensions, there is a rich family of detour complexes on obstruction-flat pseudo-Riemannian manifolds. The relationship of the detour sequences to BGG sequences is reason for the term "detour", this relationship is explained in Section 5.
The first author would like to thank Helga Baum, Kengo Hirachi, Paul-Andi Nagy and Andrew Waldron for illuminating discussions.
Yang-Mills detour complexes
2.1. The general construction. We work over a pseudo-Riemannian n-manifold (M, g) of signature (p, q) (n ≥ 2). Let V denote a vector bundle with a connection D. We denote by F the curvature of D. We also write D for the induced connection on the dual bundle V * . We write E k (V ), or equally E k (V ), for the bundle Λ k T * M ⊗ V . (In the setting of conformal structure these two notations will distinguish bundles which differ by weight.) Sections spaces of this will be denoted E k (V ), or E k (V ). Sometimes, when no confusion will arise, we use the latter notation for the bundles.
We write d D for the connection-coupled exterior derivative operator
. Of course we could equally consider the coupled exterior derivative operator d D : E k (V * ) → E k+1 (V * ) and for the formal adjoint of this we write δ D :
Let us write F· for the action of the curvature on the twisted 1-forms,
where we have indicated the abstract form indices explicitly, whereas the standard End(V ) action of the curvature on the V -valued 1-form is implicit. Using this we construct a differential operator
The operator M D has the property that its composition with d D is given simply by an algebraic action of the "Yang-Mills current" δ D F on the bundle V , as follows.
is given by the exterior action of δ D F , as an End(V )valued 1-form:
In these expressions the interior multiplication (indicated by ι(·)) and the exterior multiplication (indicated ε(·)) refers to the form index of δ D F .
Proof: For the connection D coupled with the Levi-Civita connection ∇, let us also write D. Then, again using the notation where we exhibit abstract tensor indices but suppress indices for the bundle V , a formula for M D on a twisted 1-form Ψ a is
since the Levi-Civita connection is torsion-free. On the other hand for
By a similar calculation we obtain,
) Remarks: Observe that M D d D = ε(δ D F ) holds also on the bundle V * dual to V (where we write D and F for the dual connection and its curvature). Taking formal adjoints gives an alternative route to the result
Note that to simplify the punctuation in calculations, such as those in the proof above, we view sections of vector bundles, except the one on the extreme right, as order 0 operators. Then operator composition is read from the right. Thus for example D b F b a Ψ a has the same meaning
If the connection D is orthogonal or unitary for some inner product or Hermitian form on V (then V may be identified with V * and) the algrebraic action F· :
is easily verified to be formally self-adjoint and so, in this case, M D is formally self-adjoint. From this observation and the Lemma we have the following theorem. 
is a complex if and only if the curvature F of the connection D satisfies the (pure) Yang-Mills equation
In addition: (i) If D is an orthogonal or unitary connection then the sequence is formally self-adjoint.
(ii) In Riemannian signature the sequence is elliptic.
(iii) For any point x ∈ M, the formal (i.e. in the sense of power series) cohomology of the complex at E 1 (V ) is trivial while at E 1 (V ) the formal cohomology is infinite dimensional. The k-jet of this, at x, is isomorphic as a vector space to the space of (k − 1)-jets of fields H ∈ E 2 (V ) satisfying the equations dDH = 0 and δDH = 0, for a flat connectioñ D.
Proof: It remains to show (ii) and (iii). For point (ii) of the Theorem we need to establish that the symbol sequence is exact. This sequence is simply a tensor product twisting by V of the symbol sequence of the Maxwell detour complex (2) and so it is sufficient to check that case. But that case is an easy consequence of the algebraic Hodge decomposition on an inner product space. For the Maxwell detour complex (2) the second part of the statement in (iii) is as follows. Write, H 1 for the usual formal de Rham cohomology based at x, H 1 δd for the formal (based at x) cohomology of the complex at E 1 and H 2 for R(d) ∩ N (δ) calculated at E 2 . Here the range space R(d) and null space N (δ) are again to be taken in the formal sense and based at x ∈ M. It is then a tautology from the definitions of the cohomology spaces that we have an exact sequence
where d is the map induced by the exterior derivative. But the formal de Rham complex is exact so H 2 = N (d) ∩ N (δ) and H 1 = 0. So d maps H 1 δd isomorphically into the space of 2-forms F satisfying δF = 0 = dF . For the Maxwell detour sequence the first part of the claim (iii) is straightforward to verify by interpreting the operators on the tensor spaces of coefficients of the power series concerned (and applying elementary SL(n)-representation theory).
The case of a twisting by a trivial bundle and a flat D connection obviously follows. Truncating the power series and working with finite jets we next reason as follows. Using a connection with curvature may be recast as adding lower order terms to the operators based on a flat connection, where the latter is essentially differentiation in some local coordinates. Then, for a given operator, the leading terms, involving the flat connection, map terms from the Taylor series of the sections of the domain bundle into lower degree terms of the Taylor series for the sections of range space, whereas the lower order terms necessarily make a strictly smaller shift in this direction. It then follows by an easy inductive argument that, to any given jet order, the dimension of the range of each operator cannot decrease as we move from the flat case to a curved setting, by adding lower order terms. The key observation is that the increase in dimension of the range as we move from an operator on J i x B, for B one of the domain bundles in the sequence, to the same operator viewed as acting on J i+1
x B, does not depend on the lower order terms. (This is clear by, for example, looking at the operator on (i+ 1)jets of sections j i+1 x b where the i-jet vanishes, j i x b = 0.) In particular, for k ≥ 0, the final operator j k+1
Thus its null space has the same dimension as in the flat-D case. Since the dimension of the range of j k+3
x M D (as an operator J k+3
x E 1 (V )) also cannot decrease if we replace the flat connection with a general (Yang-Mills) connection it follows that to order k+1 there is no formal cohomology at E 1 (V ). Thus the dimension of the kernel of j k+3
x M D on J k+3
x E 1 (V ) remains fixed as we move from the flat connection to a curved one. On the other hand the dimension of the range of the linear map j k+4
is also stable as we move from the flat to curved setting, as, at a point x, we may always find a formal solution to j 1
. By linearity it is clear that this is reflected in the dimension of the range of the higher k maps j k+4
Since the dimension of the range of this cannot decrease as we move from a connection flat D to a curved-D, it follows that, to order k + 3 at x ∈ M, the dimension of the formal cohomology is independent of the curvature of the connection D.
Now a simple counting of invariants to a given jet order verifies the final statement.
For a given connection D on a vector bundle V , such that δ D F = 0, we will term the complex (4) of Theorem 2.2 the (corresponding) Yang-Mills detour complex.
If D is a Yang-Mills connection on a vector bundle V then the dual connection on V * and the tensor product connection on ⊗ k V (for any positive integer k) are also Yang-Mills (and in such cases we will continue to denote these connections by D). For generalising this observation it is helpful to have the principal bundle picture in mind. Without loss of generality, a connection on a vector bundle is induced from a principal bundle connection on the frame bundle for the given vector bundle. For a finite dimensional Lie group G, let P be a principal G-bundle with connection ω over a (pseudo-)Riemannian manifold M, and let F ω denote the curvature of ω. For each G-module V we have an induced bundle V = P × G V and, from ω, a vector bundle connection D on V . In particular we have the bundle of Lie algebras g P := P × AdG g, where g is the Lie algebra of G. Writing ∇ g for the corresponding connection, we say that the principal bundle connection ω is a Yang-Mills connection if δ ∇ g F ω = 0, where we view F as a 2-form with values in g P . In the case that ω is a Yang-Mills connection then for each G-module V, the corresponding induced connection D is Yang-Mills in that δ D F = 0, and so we get a complex (4) for every finite dimensional representation of G.
Note that on oriented manifolds one may use the Hodge-⋆ operator to write the complexes (4) 
On the other hand on non-oriented manifolds there is a distinct complex which takes the form
. This is obtained by an obvious twisting of the complex (4) (see section 2.1 of [12] for such complexes in, for example, the Maxwell case).
2.2.
A variational construction of the deformation detour. Returning to the general situation that began section 2.1, let V denote a vector bundle with a connection D and denote by F the curvature of D. Consider now a smoothly parametrised family of connections D t (on V ) given, on a section v ∈ E 0 (V ), by
, where, once again, we write D also to mean the connection on V coupled with the Levi-Civita connection. It follows that the derivative of
whereȦ acts on F and vice versa by the obvious composition of bundle endomorphisms. Note that, since the 1-formȦ has values in EndV , the last term here is F·Ȧ. Multiplying the display by −1 gives
So we have, in particular, the following outcome. In the vector bundle picture, a so-called gauge transformation arises locally by acting on V by a section u of the fibre bundle Aut V of invertible elements in End V . From the Leibniz rule for D (viewed as a connection on the tensor powers of V and V * ) it follows immediately that this pulls back to a transformation
of the connection, and whence
Thus if u s is a smoothly parametrised family of such transformations
then we obtain that the infinitesimal variation of D s is exactly d Du :
So from this and (6) we have
On the other hand from (7) and (8) we get
Putting the last two results together brings us to 
is formally self-adjoint. Its first cohomology H 1 (End V, D) is the formal tangent space at D to the moduli space of Yang-Mills connections on V .
In the case that V = P × G V where V is the defining representation a linear Lie group G and P is a principal G-bundle with connection ω then, in (5), we may restrict to a curve of connections coming from a curve ω t of principal bundle connections (on the fixed principal bundle P). We then, correspondingly, restrict to sections u of Aut V which arise from automporphisms of P covering the identity on M. The arguments above carry through, essentially unaltered, and we see that the complex in the theorem reduces to
Here, as previously, g P = P × AdG g, where g is the Lie algebra of G and D is the vector bundle connection on g P induced from ω. It is clear that the statement of the theorem holds with the "reduced complex" (10) . Finally note that the Maxwell detour complex (2) is a special case of a deformation detour complex. However since the Lie algebra of U(1) is Abelian it follows that d D simplifies to the exterior derivative and so, in this case, M D is just δd.
Deformations of Yang-Mills connections.
We observed in Theorem 2.4 that H 1 (End V, D) gives the formal tangent space at D to the moduli space of Yang-Mills connections on V . In fact the complex (9) in Theorem 2.4 (or its reduction (10) in the case of an inducing G-structure) also controls the complete formal deformation theory of Yang-Mills connections. If we writė
A t and so forth then we have
This reduces to (6) at t = 0 because A 0 = 0. For this same reason we obtain an inductive treatment of the power series for the deformation as follows. Assuming D t is a curve of Yang-Mills connections, differentiating the last display, and then setting t = 0 we obtain
and so forth (where we writeÄ :=Ä 0 etcetera to simplify the notation).
Since δ D M D vanishes we see that
is a local obstruction to second order deformations. (For an End Vvalued 2-form K, we use F ♯K to mean [F ab , K ab ].) If F ♯(Ȧ ∧Ȧ) is zero then the class [δ D (Ȧ ∧Ȧ)] in the second cohomology H 2 (End V, D) of the complex (9) is a global obstruction. Similarly at the next order F ♯(Ä ∧Ȧ +Ȧ ∧Ä) is a local obstruction, and if this vanishes then
is a global obstruction. The full power series for A t continues in this way. From (11) and the vanishing of A 0 it is clear that M D acting on the coefficient A (k) of t k /k!, in the power series, is determined by δ D acting on a quadratic expression Q k in the earlier coefficients. Then F ♯Q k is a local obstruction to the k th order deformation and if this vanishes the class
is the remaining global obstruction.
Remarks: Observe that in case we start with a G-structure and consider deformations among Yang-Mills connections on a fixed principal bundle, then the discussion carries over to yield a treatment based around complexes of the form (10) and their cohomology spaces H 1 (g P , D) and H 2 (g P , D). Note also that in dimension 4 the deformation theory described is
Examples: (pseudo-)Riemannian manifolds with harmonic curvature. On a pseudo-Riemannian (spin) manifold we write ∇ for the Levi-Civita connection and R for its curvature, the Riemannian curvature tensor. Riemannian structures satisfying δ ∇ R = 0 are said to have harmonic curvature. Einstein manifolds, for example, are harmonic in this sense. There is a rich theory of harmonic manifolds, see [6] and references therein. If δ ∇ R = 0 then, from Theorem 2.2, we get a detour complex (4) for V any tensor (spin) bundle. For example if T M is the tangent bundle then we have
This annihilates the covariant derivative of any tangent vector field. The formal deformation detour complex (10) is
where M ∇ is given by
Conformal geometry and dimension 4
Recall that a conformal structure of signature (p, q) on M is a smooth ray subbundle Q ⊂ S 2 T * M whose fibre over x consists of conformally related signature-(p, q) metrics at the point x. Sections of Q are metrics g on M. So we may equivalently view the conformal structure as the equivalence class [g] of these conformally related metrics. The principal bundle π : Q → M has structure group R + , and so each representation We write g for the conformal metric, that is the tautological section of S 2 T * M ⊗E [2] determined by the conformal structure. On conformal manifolds this will be used to identify T M with T * M [2] . With these conventions the Laplacian ∆ is given by ∆
is trivialised by a choice of metric g from the conformal class, and we write ∇ for the connection corresponding to this trivialisation (and term this the Levi-Civita connection on E[w]). It follows immediately that (the coupled) ∇ a preserves the conformal metric.
Let us specialise now to dimensions n ≥ 3. The Riemannian curvature can be decomposed into the totally trace-free Weyl curvature C abcd and a remaining part described by the symmetric Schouten tensor P ab , according to
indicates antisymmetrisation over the enclosed indices. The Schouten tensor is a trace modification of the Ricci tensor Ric ab and vice versa: Ric ab = (n − 2)P ab + Jg ab , where we write J for the trace P a a of P. The Cotton tensor is defined by
and (13)
is called the the Bach tensor. Under a conformal transformation we replace a choice of metric g by the metricĝ = e 2ω g, where ω is a smooth function. Explicit formulae for the corresponding transformation of the Levi-Civita connection and its curvatures are given in e.g. [3, 42] . We recall that, in particular, the Weyl curvature is conformally invariant C abcd = C abcd . In dimension 4 B ab is conformally invariant.
Recall that we use E k to denote the space of sections of ∧ k T * M. We will write E k [w] for the sections of the tensor product ∧ k T * M ⊗E[w]. In the pseudo-Riemannian setting we also used the notation E k to indicate the space of sections of ∧ k T * M but here we reserve the notation E k to mean the space of sections of ∧ k T * M ⊗ E[2k − n]. This notation (following [12] ) is suggested by the duality between the section spaces E k and E k . For ϕ ∈ E k and ψ ∈ E k , with one of these compactly supported, there is the natural conformally invariant global pairing
where ϕ·ψ ∈ E[−n] denotes a complete contraction between ϕ and ψ. Then, as in the pseudo-Riemannian setting, for any vector bundle V ,
The conformally well-defined formal adjoint of the exterior derivative d :
(See e.g. [12] for a review of this and related facts in the current notation.) Note that in even dimensions on middle order forms we have E n/2 = E n/2 and so δ : E n/2 → E n/2−1 is conformally invariant. This all persists if we twist by a connection D so we get that
is conformally invariant and so from the above facts and the definition of M D we have the following observation. 
That is on pseudo-Riemannian 4-manifolds the sequence (4) of Theorem 2.2 is conformally invariant. With F denoting the curvature of D, it follows that the obstruction δ D F to this sequence being a complex (as in Lemma 2.1) is conformally invariant. (The conformal invariance of the Yang-Mills equations in dimension 4 is of course well-known.).
3.2.
Half-flat connections. Remaining in the setting of conformal (or pseudo-Riemannian) 4-manifolds, we observe here that, as presaged in the introduction, when a vector bundle connection D is half-flat then there is very simple interpretation of the Yang-Mills detour complex. First we review, in our current notation, some relevant (well-known) background.
Recall that on a conformal 4-manifold M of signature (p, q) we have ⋆⋆ = (−1) k(4−k)+q on k-forms. In particular on 2-forms ⋆⋆ = 1 unless the signature is Minkowskian and then ⋆⋆ = −1. In the latter case let us write E 2 ± for the ±i-eigenspaces of ⋆. In the other signatures
By viewing the curvature F (of D on V ) as a twisted 2-form, it may be canonically decomposed into the eigenspaces of ⋆ (in the case that M is Minkoswkian we assume that V is complex). We say that curvature, or the connection, is self-
is zero, F − = 0 (respectively F + = 0). So if a connection D is half-flat, in this sense, then δ D F is a multiple of ⋆d D F . But this vanishes by the differential Bianchi identity for F . So δ D F = 0 for connections which are either self-dual or anti-self-dual and each case gives a special setting where the sequence (4) is a complex.
There is another approach to constructing complexes in the setting of half-flat D. We need some more notation for this. Let us write d D ± for the compositions given by d D :
. By construction these also are conformally invariant.
± vanishes for all Φ if and only if F ± = 0. By a similar observation for the composition d D d D on E 0 (V * ) and then taking formal adjoints we see that we have the situation in the following proposition. These results are well-known.
are complexes if and only if F + = 0. Similarly the sequences
are complexes if and only if F − = 0. In Riemannian signature each of these is an elliptic complex.
Evidently then we obtain detour complexes by composing the twisted de Rham subcomplexes in the Proposition. For example if the connection D is anti-self-dual then there is a detour complex
Where we have scaled the δ D + d D + by a factor of 2. The reason for this will shortly be obvious. Similarly if D is instead self-dual then there is a detour complex
These recover the complex constructed above.
Proposition 3.3. The complexes (15) and (16) are special cases of the twisted de Rham detour complex (4) of Theorem 2.2.
Proof: Let us consider the situation in Riemannian signature, the other cases are similar. The reader may easily verify that we have the following operator equalities,
We treat the two detour operators, 2δ D
where the exterior action ε(·) refers to the two 2-form indices of F (i.e. ε(F )Ψ = F ∧ Ψ). But now from standard exterior algebra identies we have ⋆ε(F )Ψ = −(⋆F )·Ψ, for any Ψ ∈ E 1 (V ). Thus we obtain
In the case that D is anti-self-dual we have the complex (15) , which involves 2δ D + d D + and we have 2δ
since in this case ⋆F = F . Thus (15) and (16) are special cases of the complex (4). Remark: Note that, from the result 2δ D ± d D ± = δ D d D ± (⋆F )·, it follows that the Laplacian for the subcomplexes E 0 (V )
, is the usual twisted form Laplacian plus lower order terms. The Laplacian at E 0 (V ) is also the usual twisted Hodge-de Rham Laplacian and so the ellipticity of these complexes (as claimed in Proposition 3.2) follows from the rank of the final bundle. The ellipticity of the other two complexes in the Proposition follows by duality. | | | || | | Finally we observe here that by an easy adaption of the ideas just above we see that that, in dimension 4 and on half-flat structures, there is a short detour complex of natural conformal operators for every irreducible representation of so(p + 1, q + 1), p, q ∈ Z ≥0 , p + q = 4. Bernstein-Gelfand-Gelfand (BGG) sequences are discussed briefly in section 5. There is a BGG subsequence of the form B 0 → B 1 → B 2 + (where B 0 , B 1 , and B 2 + are natural irreducible bundles) for every such representation. If the structure is anti-self dual then each of these is a complex [21] . (There is an obvious variant for self-dual connections.) From the classification of the BGG complexes on the sphere it follows easily that, depending on the representation of so(p + 1, q + 1), there are two possibilities. In one case B 2 + may be conformally paired with itself in integrals, and the formal adjoint of B 0 → B 1 → B 2 + , the dual complex, B 2 + → B 1 → B 0 may be composed with this to yield a formally self-adjoint detour complex. Or in the other case there is a distinct partner complex B 0 →B 1 →B 2 + , whereB 2 + conformally pairs with B 2 + and so the dual of this complex composes non-trivially with B 0 → B 1 → B 2 + . In this case the resulting detour complex is not formally self-adjoint.
Translation via the Yang-Mills detour complex
We may use the Theorem 2.2 to construct more exotic differential complexes. The ideas here are partly inspired by Eastwood's curved translation principle [29, 26] which in turn is a geometric adaption of the Jantzen-Zuckermann translation functor from representation theory.
Consider the following general situation. Suppose that there are vector bundles (or rather section spaces thereof) B 0 , B 1 , B 1 and B 0 and differential operators L 0 , L 1 , L 1 , L 0 , D and D which act as indicated in the following diagram:
The top sequence is (4) for a connection D with curvature F and the operator M B : B 1 → B 1 is defined to be the composition L 1 M D L 1 . Suppose that the squares at each end commute, in the sense that as
Thus if D is Yang-Mills then the lower sequence, viz.
is a complex. Remarks: Note that if the connection D is preserves a Hermitian or metric structure on V then we need only the single commuting square d D L 0 = L 1 D on B 0 to obtain such a complex; by taking formal adjoints we obtain a second commuting square (L 0 δ D = DL 1 ) : B 1 → B 0 where B 0 and B 1 are appropriate density twistings of the bundles B 0 and B 1 respectively.
Obviously for (17) to be a complex, it is sufficient (and necessary) for
The complex for (almost) Einstein scales. Let us return to the setting of conformal n-manifolds. Modulo the trace part, the conformal transformation of the Schouten tensor is controlled by the equation
which is written in terms of some metric g from the conformal class.
In particular a metric σ −2 g is Einstein if and only if the scale σ ∈ E [1] is non-vanishing and satisfies (18) . The conformal standard tractor bundle and connection arises from a prolongation of this overdetermined equation as follows, cf. [3] . Recall we write E 1 as an alternative notation for T * M. Following this we write (following [41] ) E 1,1 for the trace-free part of symmetric tensor product S 2 E 1 , and then E 1,1 = E 1,1 ⊗ E[4 − n]. We write E 1,1 and E 1,1 , respectively, for the spaces of sections of these. The standard tractor bundle T may defined as the quotient of J 2 E[1] by the image of E 1,1 [1] in J 2 E[1] through the jet exact sequence at 2-jets. Note that there is a tautological operator D : E[1] → E 0 (T) which is simply the composition of the universal 2-jet operator j 2 : E[1] → J 2 E[1] followed by the canonical projection J 2 E[1] → E 0 (T). By construction this is obviously invariant. Via a choice of metric g, and the Levi-Civita connection it determines, we obtain a differential operator
n (∆+ J)σ) and this obviously determines an isomorphism
Now we define a connection on
where, on the right-hand-side ∇ is the Levi-Civita connection for g.
Obviously this determines a connection on T via the isomorphism (19) .
What is more surprising is that if we repeat this using a different metric g, conformally related to g, in (19) and (20) we obtain the same connection on T. This canonical connection on T depends only on the conformal structure and is known as the (standard) tractor connection. If fact it is the normal tractor connection and the tractor connection determines the normal Cartan connection on the adapted frame bundles for T, [18] . In what follows we will use (19) without further explicit mention. There is also a conformally invariant tractor metric h on T given (as a quadratic form) by (σ, µ, ρ) → g −1 (µ, µ)+2σρ. This is preserved by the connection and has signature (p+1, q +1) (corresponding to g of signature (p, q)). Note that, given a metric g, through (19) the tautological operator D from above is given by the explict formula
This is a called a differential splitting operator since through the jet projections there is conformally invariant surjection X : E(T) → E [1] which inverts D. There is also a differential splitting operator [26] ). An easy calculation verifies this is also conformally invariant. Let us write P for the operator from (18), i.e.,
We have the following. Proof: The second statement is immediate from the first. A straightforward calculation verifies that either composition applied to σ ∈ E [1] yields 
In fact if a section I ∈ E 0 (T) is parallel then I = Dσ for some σ ∈ E[1] so a conformal manifold with a parallel tractor is almost Einstein in the sense that it has a section of E[1] that gives an an Einstein scale on an open dense subset (see [37] for further details). For our present purposes the main point of Proposition 4.1 is that it gives the first step in constructing a special case of a commutative detour diagram [D] . Since the tractor connection is orthogonal (for the conformally invariant tractor metric h given above) the formal adjoints of the operators above give another commutative square of operators. That is with
Finally observe that the curvature of the tractor connection, as calculated directly from (20) , is
and hence (see e.g. [40] for further details),
where, on the left-hand side, ∇ is the Levi-Civita connection coupled with the tractor connection on End(T) induced from (20) . Let us say that a pseudo-Riemannian manifold is semi-harmonic if its tractor curvature is Yang-Mills, that is ∇ a Ω ab C D = 0. Note that in dimensions n = 4 this is not a conformally invariant condition and a semi-harmonic space is a Cotton space that is also Bach-flat. From our observations above, the semi-harmonic condition is conformally invariant in dimension 4 and according to the last display we have the following result. 
has the following properties.
(i) It is a formally self-adjoint sequence of differential operators and, for σ ∈ E 0 [1]
where T F S(· · · ) indicates the trace-free symmetric part of the tensor concerned. In particular it is a complex on semi-harmonic manifolds.
(ii) In the case of Riemannian signature the complex is elliptic.
(iii) In dimension 4, (22) is sequence of conformally invariant operators and it is a complex if and only if the conformal structure is Bach-flat.
Proof: Setting D = P, L 0 = D, L 1 = E we have the situation of the translation diagram [D] in section 4, at least provided the right square is given by formal adjoints of these operators and the tractor bundle connection pair (T, ∇) is used for (V, D) in the top row of the diagram. By construction the sequence is formally self-adjoint. If the structure is semi-harmonic then the upper sequence in [D] is a complex and hence, from [D], (22) is a complex. In particular on Bach-flat 4-manifolds we obtain a complex. On the other hand, from (23) it follows that in dimension 4 we obtain a complex only if the structure is Bach-flat. The expression (23) for the composition M T P is revealed by a short direct calculation using the formulae given.
(The calculation is even simpler if the result of Lemma 2.1 is imported). It remains to establish ellipticity. From (20) we calculate d D on the range of E to obtain
and we do not need the details of the term indicated by * .
For treating ellipticity it obviously suffices to work locally on conformally flat Riemannian manifolds. So for the remainder of this proof we suppose that we are on the standard conformal sphere. It follows immediately from (24) , and the formulae for the tractor metric, that we have E * M D E = Q * Q where Q * denotes the formal adjoint of the operator Q. Since the leading symbol of Q * Q has the same kernel as the leading symbol of Q it remains to check that the sequence
is symbol exact at the bundles E[1] and E 1,1 [1] . By construction the operators P and Q are conformally invariant. Also by construction (cf. [20] ) and the local uniqueness of such operators (between irreducible bundles and up to constant scalar multiples) [7] , these operators are the conformal operators which begin the generalised Bernstein-Gelfand-Gelfand resolution (see section 5) of the vector space V of parallel standard tractors (which on the sphere is naturally isomorphic to the defining representation of SO(n + 1, 1)): this resolution takes the form
But a resolution has no formal cohomology and, since the bundles E [1] and E 1,1 [1] are irreducible, it follows easily that the symbol sequence is exact at these bundles. On the other hand if σ is an Einstein scale then P σ = 0 (see (18) ).
Remarks:
In fact, more generally, almost Einstein manifolds are also necessarily Bach flat. Since an almost Einstein manifold has an Einstein scale on an open dense subspace, this follows by continuity of the Bach tensor. (That higher dimensional extension of this result is that even dimensional almost Einstein manifolds have vanishing Fefferman-Graham obstruction tensor, see e.g. [37] and references therein.) The result that Einstein metrics are Bach-flat is well-known by other means (see e.g. [48, 40] ). Nevertheless we feel the detour complex gives an interesting route to this. In any dimension Einstein metrics have P ab = 1 n Jg ab with J constant, so it follows from the definitions (12) and (13) that Einstein metrics are semi-harmonic. Thus there are many examples of semi-harmonic manifolds.
Using (24) , and the formulae for E and for the tractor curvature it is straightforward to calculate that on h ∈ E 1,1 [1] we have
This is closely related to, but not the same as, the operator which arises from deformations of Einstein structures (for the latter see e.g. [6] and references therein). It should be valuable to expose the geometric meaning of the the first cohomology of the sequence (22) .
The twistor spinor complex. We assume here that we have a conformal spin structure. This is no restriction locally. For the purpose of being self-contained and having the results accessible in a uniform notation we derive the basic spinor identities we require. However an alternative treatment for many of these may be found may be found in for example [34] . We will use the spin-tractor connection below. This is often termed the local twistor connection [52, 4] . The notation we use (and the basic tractor tools) follows [10] which presents a spintractor calculus developed by the first author and Branson. Following that source we write S for the basic spinor bundle and S = S[−n] (i.e. the bundle that pairs globally in an invariant way with S on conformal n-manifolds). Evidently the weight conventions here give S a "neutral weight". In terms of, for example, the Penrose weight conventions
, where E λ denotes the basic contravariant spinor bundle in [52] .
We write Tw for the so-called twistor bundle, that is the subbundle of T * M ⊗ S[1/2] consisting of form spinors u a such that γ a u a = 0, where γ a is the usual Clifford symbol. We use S and Tw also for the section spaces of these bundles. The twistor operator is the conformally invariant Stein-Weiss gradient
given explicitly by
The main result of this section is that this completes to a differential complex as follows.
Theorem 4.5. On semi-harmonic pseudo-Riemannian n-manifolds n ≥ 4 we have a differential complex
where T is the usual twistor operator, T * its formal adjoint, and N is third order and given by the formula (31) below. The sequence is formally self-adjoint and in the case of Riemannian signature the complex is elliptic.
In dimension 4 the sequence (25) is conformally invariant and it is a complex if and only if the conformal structure is Bach-flat.
Remarks: Of course on a fixed pseudo-Riemannian manifold we may ignore the conformal weights.
Note also that, for example in dimension 4, under the Chirality decomposition of this sequence, we get the two complexes
by the restriction of the operators T, T * , and N.
If we were to apply the construction below in dimension 3 then we would obtain a trivial operator N. In this dimension the BGG sequence (see section 5 in this case) takes the form (25) where the middle operator is second order. | | | || | | In the calculations which follow it will often be convenient to use abstract indices for the form bundles while at the same time not using any indices for the spinor bundles. We have already done this implicitly above, for example in the formula for the twistor operator which, in this notation, acts T a : S[1/2] → Tw a . From the usual gamma matrices γ a satisfying γ a γ b + γ b γ a = −2g ab Id we switch to the symbols β := γ/ √ 2, so that
this simplifies certain formulae in the following discussion. We denote the corresponding Dirac operator by D := β a ∇ a . Given a metric g from the conformal class the spin-tractor bundle Σ is given by
where S is the usual spin bundle. In the conformally related metric g = e 2ω g we have a similar isomorphism and
In terms of the g-splitting the normal conformal spintractor connection is given by
On the right side ∇ means the usual Levi-Civita (spin) connection, while on the left the same notation is used for the spin-tractor connection. It is an easy exercise to verify directly that this is a conformally invariant connection. The normality follows from the characterisation of normal tractor connections (for irreducible parabolic geometries) given in Theorem 1.3 of [17] . The invariant pseudo-Hermitian form on spin-tractors is given by
for a pair spin-tractors (ϕ, ψ), (ϕ, ψ), and where ·, · is the usual Hermitian form on spinors (which is compatible with Clifford multiplication and is preserved by the Lev-Civita spin connection). It is readily verified that this is invariant under the transformations (27) and that it is preserved by the spin-tractor connection (28) . We subsequently calculate in a metric scale g without further mention. We construct two differential splitting operators:
is given by
It is a straightforward exercise to verify that these transform according to (27) and so are expressions, in the metric scale g, for conformally invariant operators. An essential feature of these operators is the following commutativity result. The last comment follows immediately from the commutativity of the square given that L 1 is a differential splitting operator (and so, in particular, L 1 ψ a = 0 ⇒ ψ a = 0). A correspondence between parallel spintractors and twistor spinors dates back to [33] . The extra information in the proposition is that the operator L 1 is a conformally invariant tractor splitting operator. We will prove the commutativity shortly. Suppose that for a metric g, from the conformal class, the tractor connection is semi-harmonic. Recall this is exactly the condition that the normal tractor connection is Yang-Mills. It follows immediately that the spin-tractor connection is also Yang-Mills, since this is induced from the same principal connection simply pulled back to the 2-1 covering Spin(p + 1, q + 1)-principal bundle. (Equivalently they arise from the same Cartan connection, this is the usual picture [18] and sufficient to see this result. From the Cartan picture one may easily extend to a principal bundle and connection from which the tractors are induced, and this is simply an alternative framework.) As observed above, in dimension 4 the Yang-Mills condition is exactly the condition that the metric (or conformal structure) is Bach-flat. Thus, from the Proposition, the first part of Theorem 4.5 follows immediately from the commutative diagram below where
Using that Σ is a self-dual bundle, the operators in the square at the right end of the diagram are defined as the formal adjoints of the operators in the first square. So all squares commute and both horizontal sequences are formally self-adjoint. For establishing the ellipticity, in the case of Riemannian signature, first note that we have this in dimension 4. Consider the setting of half-flat 4-manifolds. In this case a detour complex of the form (25) is obtained by composing a pair of BGG subcomplexes (see the remark concluding Section 3.2) with their duals. Due to the fact that all operators involved in these subcomplexes are first order operators, it is easy to use methods of the paper [21] to show that the subcomplexes are elliptic. It follows that the detour complex obtained by composing these is elliptic (and in particular from this we see the middle operator is non-trivial). By the classification of the conformal operators on the sphere it follows that this is (at least in the conformally flat setting of the sphere) the same detour complex as we have constructed. To establish ellipticity we may make any assumption about curvature as this does not affect the leading terms in the operators of the sequence, and so we may conclude that (25) is elliptic.
The argument for the general case n ≥ 4 is as follows. Applying the spin-tractor twisted exterior derivative to L 1 t, for t ∈ Tw, we obtain a result of the form
where the indices a 1 a 2 are implicitly skewed over, ℓ and m are constants, and δ ∇ is the spin-Levi-Civita connection twisted interior derivative. By construction K is an invariant operator K : Tw → Tw 2 , where Tw 2 is the subbundle of E 2 ⊗ S[1/2] consisting of spin-forms annihilated by interior multiplication by β. It is a straightforward exercise (or one may use the BGG machinery as in section 5 below) to construct a differential splitting operator L 2 : Tw 2 → E 2 ⊗ Σ. This has the form s → (s , ℓDs + mβδ ∇ s) (cf. L 1 ) where ℓ = 0. On the other hand in the conformally flat case it follows easily, from the uniqueness of conformal differential operators, that L 2 K = d ∇ L 1 . Thus we obtain the form of the bottom slot of (32).
Since the leading term of N is obtained by composing d ∇ L 1 with its formal adjoint, and D is formally self-adjoint, it follows that the leading term of the operator N is of the form K * π 2 DK. Here K * denotes the formal adjoint of K and the projection π 2 is the projection of spinor-valued two-forms to the space T w 2 .
The operator R 2 = π 2 D on T w 2 is an elliptic and self adjoint operator, it is a higher spin analogue of the Dirac operator. Similarly, if π 1 denotes the projection of spinor-valued one-forms to T w, the operator R 1 = π 1 D is an elliptic self adjoint operator on T w (usually called the Rarita-Schwinger operator). Moreover, R 1 K * is a multiple of K * R 2 . Hence the leading term of the operator N is a multiple of R 1 K * K.
Since elements of Tw 2 are annihilated by interior Clifford multiplication, it follows from the formula for K that the symbol σ ξ (K * ) is simply interior multiplication by ξ, ι(ξ).
Without loss of generality we may suppose that ξ is a unit vector. It is well known that the Rarita-Schwinger operator (on the flat space) can be be composed with a third order constant coefficient operator to give the square of the Laplace operator. Hence the symbol of R 1 can be multiplied on the left to get |ξ| 4 = 1. By this left multiplication,
where ε(·) indicates exterior multiplication.
Contracting with ξ and setting to zero we obtain ((n − 3) times)
The right hand side here is a multiple of σ ξ (T)ι(ξ)t. Thus t is in the range of σ ξ (T), as required.
Completing the proof and remarks: From (21), (29) , and Lemma (2.1) it follows easily that in dimension 4 the composition NT on ϕ, a section of S[1/2], is, up to a non-zero multiple, a Clifford multiplication of the Bach tensor B ab β b ϕ. Thus the formally self-adjoint sequence (4.5) is a complex if and only if the structure is Bach-flat, as claimed in the theorem. If ϕ is a twistor spinor (i.e. Tϕ = 0) then this Clifford action of the Bach tensor on ϕ obviously vanishes. In Riemannian signature it is in fact straightforward to recover a parallel standard tractor from the parallel spin-tractor corresponding to a twistor spinor. Thus Riemannian manifolds admitting a twistor spinor are almost Einstein and so Bach flat. In fact the last conclusion here is well-known [4] . Recalling that γ = √ 2β and that D = β a ∇ a , we thus have
From (30) it is clear that it remains to show that
Let us note some simpler identities first. First for the Levi-Civita spin-connection the curvature on a spinor ϕ is given by
where R is the usual Riemannian curvature. Then from the Bianchi identities and the Clifford relation (26) we get
Next an elementary calculation shows that T, the formal adjoint of T, is given on T w by ϕ a → −∇ a ϕ a . Thus, for ψ in S[1/2],
(where ∆ := ∇ a ∇ a ) since of the spin-connection preserves the Clifford symbols. On the other hand since
and the βs anti-commute up to a trace, as in (26) , while the ∇s commute up to curvature we obtain
and so using (34) we come to ∆ψ = −2D 2 ψ + 1 4
Sc·ψ.
This with the expression above for TT gives
Sc·ψ .
We are now ready to calculate the left-hand side of (33). Applying β b ∇ b to the defining identity ∇ a ψ = − 2 n β a Dψ + Tψ we get
Commuting the derivatives on the left and writing D as a shorthand for β b ∇ b (applied to e.g. Tψ), we obtain
Next rearranging the terms and using (34) gives
Using now the identity (35) from above to substitute for D 2 ψ yields
But multiplying this through with 2/(n−2) and using that the Schouten tensor P ab = 1 n−2 (Ric ab − 1 2(n−1) Scg ab ), and once again that Tϕ = −∇ a ϕ a , this gives exactly the expression (33) , which is thus seen to be an identity.
5.
Commutativity of the diagram for the first BGG operator.
In conformal geometry the de Rham complex is a prototype for a huge class of sequences of bundles and conformally invariant differential operators, each of the form
where the vector bundles B i are irreducible tensor-spinor bundles. On the sphere there is one such complex for each irreducible module V for the group G = SO(p + 1, q + 1) of conformal motions, the space of solutions of the first (overdetermined) conformal operator B 0 → B 1 is isomorphic to V, and the sequence gives a resolution of this space viewed as a sheaf. These are the conformal cases of the (generalised) Bernstein-Gelfand-Gelfand (BGG) sequences, a class of sequences of differential operators that exist on any parabolic geometry [20, 27] . As well as the operators D i : B i → B i+1 of the BGG sequence, in even dimensions there are conformally invariant "long operators" B k → B n−k for k = 1, · · · , n/2 − 1 [7] . Thus there are sequences of the form
and, following [12, 11] , we term these detour sequences since, in comparison to the BGG sequence, the long operator here bypasses the middle of the BGG sequence and the operator L k takes us (or "detours") directly from B k to B n−k . Once again using the classification it follows immediately that these detour sequences are in fact complexes in the case that the structure is conformally flat. The conformal examples that we treated in dimension 4 above are detour sequences of this form with k = 1.
One of the main ideas for their construction is the commuting square in the diagram [D] which is similar (although not identical) to the idea of translation from e.g. [29, 20] . In fact in the two examples we treated we used the normal tractor connection ∇ corresponding to an irreducible finite dimensional module for the conformal group G = SO(p + 1, q + 1); the modules being the defining representation and the spinor representations of G. The differential splittings, L 0 and L 1 , involved in these cases are unique and hence coincide with the splitting operators used to define the first two operators in the corresponding BGG sequences as in the "BGG machinery" of [20] . In this final section we discuss whether other detour complexes can be found using the same construction for other G-modules. More precisely, we examine here the key question of whether the diagram based on the normal tractor connection ∇, and L 0 and L 1 is commutative where the L i are BGG splitting operators as in [20, 15] . We shall show that it is not the case for a generic irreducible representation. We shall review first the construction of the splitting operators L 0 and L 1 and we then compute the difference between two compositions in the diagram. As an illustration of this machinery we recover the commutativity for the defining and the spinor representation using this approach. Finally it is shown that the diagram is not commutative for a generic representation. To begin, we review briefly some basic facts about parabolic geometries and, at the same time, we fix the notation used below. 5.1. Conformal geometry as a parabolic structure. The Lie algebra g = so(p + 1, q + 1) of the conformal group in dimension n = p + q has a |1|-grading given by the decomposition
We will denote the subalgebra g 0 ⊕ g 1 of g by p. This is a parabolic subalgebra of g. The subalgebra g 1 is identified with the dual of g −1 using the Killing form of g. There is a unique grading element E ∈ g whose adjoint action is given by [E, X] = ℓX for X ∈ g ℓ , ℓ = −1, 0, 1. The element E is in the center of the Levi factor g 0 and so it assigns a grading to any irreducible g-module.
Let G = Spin(p + 1, q + 1) and G 0 = R + × Spin(p, q). By P we denote the subgroup of all elements g ∈ G such that Ad(g) preserves the filtration by right ends induced by the grading of g. By definition G 0 is a subgroup of P , and one easily verifies that Lie(P ) = p.
Suppose that M is an oriented conformal spin manifold of dimension n. Then it is possible to construct a parabolic geometry of type (G, P ) on M, i.e., there is a unique couple (up to an isomorphism) (G, ω), where G → M is a P -bundle and ω is a normal Cartan connection of type (G, P ) with standard properties. In fact the conformal normal Cartan bundle is simply the adapted frame bundle for the normal standard tractor connection constructed in Section 4.1 and the Cartan connection ω is easily recovered from the tractor connection found there [18] . The spin version is a lift of this to a spin covering of the adapted tractor frame bundle, or alternatively may be recovered from the spintractor connection. Of course the conformal Cartan connection has a long history (see e.g. [22, 19] ).
Once one is equipped with the Cartan bundle then each P -module V yields an associated bundle G × P V. If V is a (g, P )-module then G × P V is termed tractor bundle and obtains a vector bundle connection induced from ω [36, 18] . In the following we will denote this by ∇ V , for emphasis, and in particular to distinguish it from the Levi-Civita connection.
5.2.
Lie algebra cohomology. Below we will need some elementary aspects of Lie algebra cohomology theory. For a finite dimensional irreducible g-module V, the chain groups in the Lie algebra cohomology complex are the groups C n (g − , V) = Λ n g * − ⊗ V viewed as the spaces of n-linear alternating maps from ⊗ n g − to V. They are equipped with the differential ∂ : C n (g − , V) → C n+1 (g − , V). If we start with a representation V of the group G, then ∂ is a homomorphism of G 0modules, and it is well-known that ∂ • ∂ = 0.
The crucial fact for us is that on this standard complex there is a Hodge theory, which was first introduced for complex simple Lie algebras in [47] . There is a dual map (with respect to a suitable scalar product)
which is called the codifferential . An important fact is that ∂ * is a P -homomorphism. Thus, we get a canonical action of P on the cohomology groups H n (g − , V). It is not difficult to show that this module is completely reducible, i.e. a direct sum of irreducibles. In [47] , B. Kostant computed the cohomology groups H * (p + , V) in the case when g is complex and simple and V is a complex irreducible representation. A central object in the computations is the Laplace operator = ∂ • ∂ * + ∂ * • ∂. It can be checked that the inverse ( ) −1 is well defined on the image Im(∂ * ).
These algebraic constructions carry over in an obvious way to corresponding constructions and results on the bundles induced via the Cartan bundle from these representations and homomorphisms. We will often use the same notations in that setting without comment.
5.3.
The splitting operators. The main tool in the geometrical construction of the BGG sequences are the splitting operators
. They are invariant differential operators characterised by the following properties:
(1) ∂ * • L k = 0;
(2) the map L k is a splitting of the projection π :
To be able to write down explicit formulae for the splitting operators, we are going to recall a few more details of the construction of the splitting operators L k . We have seen that the Laplace operator in the Lie algebra cohomology is invertible on the Im ∂ * , but is not P -invariant. There is, however, an invariant differential analogue R defined by [15] ). The inverse ( R ) −1 is then also well defined on the image Im(∂ * ).
To see this, we shall fix a metric inside the conformal class, so that the algebraic operator is well-defined on M.
where the operator M = ( − R ) increases homogeneity (i.e., the values of the grading element E). Hence M is nilpotent, it is a differential operator with order depending on the number of homogeneous pieces in the representation V and the same is true for −1 M. Consequently,
The splitting operator L k is then defined by
. Now we can prove the following formula for the difference
Moreover, the right hand side vanishes if and only if ∂ * (κ ∧ L 0 (σ)) vanishes.
Proof: Due to the definition of the BGG operators (above) and the properties of the splitting operators L k , there exists A such that
since the left-hand side can have no harmonic part. Hence also
Due to property (3) of the splitting operators, the term ∂
To prove the second claim, it is sufficient to note that ( R ) −1 can be written as a sum of −1 and an operator, which increases the weight.
The Lemma gives a general sufficient and necessary condition for the commutativity of the diagram, which is easy to check. We shall apply it first for the two cases discussed in the previous section. Then we shall discuss the case of the adjoint representation and, finally, we shall show that the diagram is not commutative in a generic case.
To compute the splitting operators explicitly, we shall use the Levi-Civita connection ∇ for the chosen metric and the corresponding Schouten tensor P = P ab . The Schouten tensor P is to be considered here as a one-form with values in the cotangent space and the action will be by the exterior product by the one-form index and with action of the T * Mvalues of P on the given representation on V (note that the cotangent bundle T * M is induced by g 1 , which acts on any P -module). The extension of the Levi-Civita connection to V-valued forms will be denoted by d ∇ .
The tractor covariant derivative d ∇ V can be expressed now neatly as
Note that d ∇ preserves homogeneity, while ∂ is substracting one and P is adding to it. Expanding the formula for R and using the fact that we are acting on an element in homology (i.e. in the kernel of ∂ and ∂ * ), we get on
The form of the splitting operators used in the paper can be computed by this formula. 
The spin-tractor curvature acts on s ∈ E(M, Σ) via The lower slot of the last column is automatically in Ker(∂ ⋆ ). It follows from the algebraic Bianchi identity that ∂ ⋆ (C cd ab e c e d ϕ 1 ) = C bcd a e b e c e d ϕ 1 = 0 ,
i.e. the upper slot also belongs to Ker(∂ ⋆ ). Hence ∂ ⋆ (K ∧ L 0 ψ) = 0. 5.5. The symmetric powers of the defining representation. We shall now compute commutativity of the first square in the case of densities. It means that the tractor bundle will be induced by a Gmodule V given by the k-the symmetric traceless power of the defining representation R n+1,1 , where k is a positive integer. In the case k = 1 we recover the statement above that the first square commute, while for k > 1 we are going to show that it is not the case. Recall that the space of sections f ∈ E [1] is mapped into the space of smooth sections of the tractor bundle E(T) by the splitting operator
For k > 1, the representation V has 2k + 1 homogeneous components and the splitting operator has a form
where it is sufficient to know just the first two homogeneous components.
Let us first treat the case k = 1. We have
i.e. to prove ∂ ⋆ (κ ∧ L 0 f ) = 0 it remains to determine the action of ∂ ⋆ on the right hand side. The relevant part of the twisted de Rham sequence
for the defining representation V, of the conformal group, decomposes with respect to G 0 as
where, for positive integers r ≤ t ≤ s ≤ [n/2], E s,t,r is the section space of E r,s,t , that is the subbundle of E s ⊗ E t ⊗ E r consisting of trace free tensors satisfying the corresponding Young symmetry (i.e. skewing over any s + 1-indices annihilates the tensors concerned and the same is true for skewing over any t + 1 indices from the second and the last column). The upper slot of E 2 (T) is trivial and the bottom slot of E 2 (T) is in Ker∂ * . The first two terms in the middle slot are in Ker(∂ ⋆ ), because there is no isomorphic copy of these representations in the bottom slot of
and check explicitly that it is in the kernel of ∂ ⋆ (it means that they should vanish). We get This is a very similar situation to that above. The upper slot of E 2 (T) is trivial. The first two terms in the middle slot are in Ker(∂ ⋆ ), because there is no isomorphic copy of these representations in the bottom slot of ∧ 1 ⊗V. So it remains to project A c ab f +C c ab d ∇ d f to E 2,1 [k]⊕E 1 [k−2] and to check explicitly whether projections are trivial. We get (as before) that the projection to E 1 [k − 2] is trivial but the projection to We can hence use the Lemma 5.3 to show that the square does not commute, because the map ( R ) −1 is equal to the identity plus terms which are increasing homogeneity. 5.6. The case of a generic representation. We work here in the complex setting. Let V be the irreducible g-module with highest weight (λ 1 , . . . , λ ℓ+1 ). By studying the action of g 1 on the lowest slot of V, it is possible to show that there is just one irreducible g 0 -module with the highest weight (−λ 1 + 1|λ 2 + 1, . . . , λ ℓ+1 ) in the lowest but one slot of V. The existence comes from the fact that the action of the negative root of sl(2) ≡ {−(e 1 − e 2 ), E, (e 1 − e 2 )} is equivalent to the condition λ 1 > λ 2 .
Theorem 5.2. Let (λ 1 , λ 2 , . . . , λ ℓ+1 ), λ 1 > λ 2 , be a dominant integral weight of so(2(ℓ + 1)). There is an obstruction to the commutativity of the first square of the BGG sequence associated to a general curved parabolic geometry with homogeneous model SO(2(ℓ + 1))/P (conformal geometry) and (λ 1 , λ 2 , . . . , λ ℓ+1 ), λ 1 > λ 2 . In particular, the first square in the conformal BGG sequence (λ 1 , λ 2 , . . . , λ ℓ+1 ), λ 1 > λ 2 is not commutative.
Proof: The case λ = (k, 0, . . . , 0), k > 1 was already discussed, hence we can suppose that λ = (k, 0, . . . , 0). Let so(2ℓ) be a Lie subalgebra of so(2(ℓ + 1)), such that (λ 2 , . . . , λ ℓ+1 ) is the highest weight from the collection of all highest weights appearing in the branching rules for the couple (so(2(ℓ + 1)), so(2ℓ)) of the so(2(ℓ + 1))-representation (λ 1 , λ 2 , . . . , λ ℓ+1 ). The so(2ℓ)-submodules appearing in the branching rules can be enumerated explicitly, i.e.
• The highest weight µ of so(2ℓ + 1) appears in the branching from the highest weight λ of so(2(ℓ + 1)) provided
• The highest weight µ of so(2ℓ) appears in the branching from the highest weight λ of so(2ℓ + 1) provided
The integral irreducible representation of so(2(ℓ + 1)) with highest weight (λ 1 , λ 2 , . . . , λ ℓ+1 ) (we shall abuse the notation and we shall denote the representation by its highest weight) has the lowest weight (−λ 1 , −λ 2 , . . . , ±λ ℓ+1 ), where the final sign is plus or minus sign according to whether, respectively, ℓ + 1 ≡ 0 mod 2 or ℓ + 1 ≡ 1 mod 2. The irreducible (so(2ℓ)-module with lowest weight (−λ 2 , . . . , −λ ℓ+1 ) has the highest weight (λ 2 , . . . , λ ℓ , ±λ ℓ+1 ) according to whether, respectively, n ≡ 1 mod 2 or n ≡ 0 mod 2. This highest weight is realized in the weight lattice of the representation (λ 1 , λ 2 , . . . , λ ℓ+1 ) as (−λ 1 , λ 2 , . . . , λ ℓ+1 ). The g 0 -representations appearing in the branching from the irreducible g-module (λ 1 , λ 2 , . . . , λ ℓ+1 ) are graded by the first component of the weight, taking value in the set of (half-) integral numbers {−λ 1 , −λ 1 + 1, λ 3 , . . . , λ 1 − 1, λ 1 }. The g 0 -highest weights in various slots, i.e. weights with various first components, are related by the action of roots of g −1 and g 1 . In particular, the irreducible g 0 -module (−λ 1 + 1, λ 2 + 1, λ 3 , . . . , λ ℓ+1 ) appears in the second slot of the g 0 -gradation. As a conclusion, in the irreducible gmodule (λ 1 , λ 2 , . . . , λ ℓ+1 ) there are two irreducible g 0 -modules of interest for us -(−λ 1 , λ 2 , λ 3 , . . . , λ ℓ , λ ℓ+1 ) lies in the lowest graded part and (−λ 1 + 1, λ 2 + 1, λ 3 , . . . , λ ℓ , λ ℓ+1 ) lies in the lowest but one graded part.
In order to estimate the action of curvature, we collect a few rather elementary results. First of all, the tensor product of the g-module (λ 1 , λ 2 , . . . , λ ℓ+1 ) with g 0 -modules g 1 resp. ∧ 2 g 1 preserves g 0 -gradation of (λ 1 , λ 2 , . . . , λ ℓ+1 ). In particular, it follows from Klimik formula for the decomposition of the tensor products that (−λ 1 + 2, λ 2 + 1, λ 3 + 1, λ 4 , . . . , λ ℓ , λ ℓ+1 ) ⊂ ⊂ g 1 ⊗ (−λ 1 + 1, λ 2 + 1, λ 3 , λ 4 , . . . , λ ℓ , λ ℓ+1 ), (43) and (−λ 1 + 2, λ 2 + 1, λ 3 + 1, λ 4 , . . . , λ ℓ , λ ℓ+1 ) ⊂ ⊂ ∧ 2 g 1 [2] ⊗ (−λ 1 , λ 2 , λ 3 , λ 4 , . . . , λ ℓ , λ ℓ+1 ).
The last inclusion of the Cartan product is coherent with the tensor product decomposition, induced by action of the Weyl curvature tensor:
(−λ 1 + 2, λ 2 + 1, λ 3 + 1, λ 4 , . . . , λ ℓ , λ ℓ+1 ) ⊂ ⊂ ∧ 2 g 1 ⊗ End(λ 2 , λ 3 , λ 4 , . . . , λ ℓ , λ ℓ+1 ) ⊗ (−λ 1 , λ 2 , λ 3 , λ 4 , . . . , λ ℓ , λ ℓ+1 ), because as follows for example from the analysis of the action of curvature tensor on various induced representations, see [5] , the representation carried by the curvature tensor contains at least one highest weight of ∧ 2 V, the formula (44) follows.
For a g-module as in the formulation of the theorem, pick an element in the lowest g 0 -graded part lying in the representation (−λ 1 + 2, λ 2 + 1, λ 3 + 1, λ 4 , . . . , λ ℓ , λ ℓ+1 ),
i.e. the content in any other g 0 -component is arbitrary. The action of the curvature is non-trivial and results in 
Finally, due to the requirement λ 1 > λ 2 , the order of the first differential operator is at least two and consequently the action of ∂ ⋆ maps this element into the isomorphic representation in the lowest but one graded part of g-module (λ 1 , λ 2 , . . . , λ ℓ , λ ℓ+1 ). The condition λ 1 > λ 2 also means that the harmonic part (i.e. the kernel of ∂ ⋆ ), could be located in the last but one and higher graded parts of g-module (λ 1 , λ 2 , . . . , λ ℓ , λ ℓ+1 ). In other words, ∂ ⋆ acts isomorphically on this part, its image is non-trivial and so the diagram is not commutative. This completes our proof. There is at hand, obviously, the following conjecture. 
